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Abstract 

The category a^>A of bisemimodules over a semialgebra A, with the so called 
Takahashi's tensor product — Ma — , is semimonoidal but not monoidal. Although 
not a unit in a^>a, the base semialgebra A has properties of a semi-unit (in a sense 
which we clarify in this note). Motivated by this interesting example, we introduce 
a notion of a semi-unit I in an arbitrary semimonoidal category (V, •) and call a 
category with such a distinguished object generalized monoidal. The advantage of 
this is that it provides us with a framework for studying notions like generalized 
monoids (generalized comonoids) as well as generalized monads (generalized comon- 
ads) w.r.t. the endo-functor J := I • — ~ — • I : V — > V. Applications to the 
generalized monoidal variety (a^>a,^a, A) provide us with examples of generalized 
A-semirings and generalized semimodules (generalized A-semicorings and generalized 
semicomodules) which extend the classical notions of rings and modules (corings and 
comodules). 



1 Introduction 

A semiring is, roughly speaking, a ring not necessarily with subtraction. The first 
natural example of a semiring is the set No of non-negative integers. Other examples include 
the set Ideal(-R) of (two-sided) ideals of any associative ring R and distributive bounded 
lattices. A semimodule is, roughly speaking, a module not necessarily with subtraction. 
The category or Abelian groups is nothing but the category of modules over Z. Similarly, 
the category of commutative monoids is nothing but the category of semimodules over N - 

*The author would like to acknowledge the support provided by the Deanship of Scientific Research 
(DSR) at King Fahd University of Petroleum & Minerals (KFUPM) for funding this work through project 
No. IN100008. 
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Semirings were studied by many algebraists beginning with Dedekind |Dedl894j and 
were popularized by H. S. Vandiver (e.g. |Vanl934] ). Since the sixties of the last century, 
they were shown to have significant applications in several Automata Theory, Op- 

timization Theory, Tropical Geometry and Idempotent Analysis (for more, see the mono- 
graphs [Goll999aj . |Goll999bj . |Gol2003j . |HW1998] . |KS1986j . [LMS1999] ). Recently, 
Durov |Dur2007] demonstrated that semirings are in one-to-one correspondence with the 
so-called algebraic additive monads on the category Set of sets. Moreover, a connection 
between semirings and the so-called F-rings, where F is the field with one element, was 
pointed out in |PL2011l 1.3 - 1.4]. The theory of semimodules over semirings was devel- 
oped among others by many authors including Takahashi (e.g. |Takl98l"] . [Takl982a]). 
Patchkoria (e.g. |Pat2006j . |Pat2009j ) and Katsov (e.g. jKat2004j . |KN2011j l 

A strong connection between corings over an associative ring A (coalgebras in the 
monoidal category ^Mod^ of bimodules over A) and their comodules on one side and 
comonads induced by the tensor product — <8> a — and their comodules on the other side has 
been realized by several authors (e.g. [CMZ2002] . |BW2003] , |G-T2006] l Moreover, the 
theory of monads and comonads in (autonomous) monoidal categories received increasing 
attention in the last decade (e.g. |Moe2002j . |BV2007j . jMes2008j l Extensions to arbi- 
trary categories were carried out in several recent papers (e.g. |Wis2008^b] . |BB W2 009J. 
|MW2010Q . 

Using the so called Takahashi's tensor product — KU — of semimodules over an as- 
sociative semiring A |Takl982aj . notions of semicorings and semicomodules over A were 
introduced by the author in a talk [Abu2008j. However, such semicorings could not be 
realized as comonoids (coalgebras) in the category a^a of (A, A)-bisemimodules since this 
category (a§a, ^a, A) is not monoidafl. Motivated by the desire to establish a connection 
between semicomodules for semicorings and comodules for comonads induced by — — , 
we introduce a notion of generalized monads (comonads) and apply them to a§U- More- 
over, we introduce notions of generalized monoidal categories with prototype (a&a, ^,A). 
In such categories, we introduce and investigate generalized monoids (comonoids) and 
their categories of generalized modules (comodules). In particular, we realize generalized 
A-semirings (generalized A-semicorings) as generalized monoids (comonoids) in Our 
results extend corresponding ones in some of the above mentioned references to the gen- 
eralized monoidal categories. Generalized bimonads and generalized Hopf monads, which 
extend bimonads and Hopf monads (e.g. |BV2007j . |GLS2010j . |MW2010j ). as well as 
generalized bimonoids (generalized bialgebras) and generalized Hopf monads (generalized 
Hopf algebras) in generalized monoidal categories are the subject of a forthcoming paper 
which is currently under preparation. 

1 An alternative tensor product — ®a — was recalled by Katsov in Kat2004] so that (a^a, ®a, A) is 
monoidal. 
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2 Generalized (Co) Monads 



Recall first the so called Godement product (e.g. |Godl958] ) of natural transformations 
between functors: 

2.1. QBS2000J) Let 21, 53, £ be any categories. Any natural transformations ip : F — > G 

F G F' G' 

and : F' — > G' of functors 21 — ^ 23 — <£ can be multiplied using the Godement 
product to yield a natural transformation <p>ip : F'F — )• G'G, where 

(pG(x) ° F'(ip x ) = (4>ip)x = G'(ip x ) ° for every X G 21. (1) 

Moreover, if 21 23 £ are functors and 5 : G — > H, 6 : G' — > H' are natural 
transformations, then the following interchange law holds 

(5oip)(6o(P) = (65) o (cfn/j). (2) 

2.2. Let 21 and 23 be categories, L:2l — ^23, R : 23 — ^ 21 be functors and J : 21 — > 21, 
K : 93 — ^ 23 be endo-functors such that RK ~ JR and LJ ~ KL. We say that (L, R) is 
a (J, MP) -adjoint pair iff we have natural isomorphisms in X G 21 and Y G 03 : 

Mor<B(LJ(X),K(y)) ~ Mor a (J(X),RK(y)). 

For the special case J = la = K, we recover the classical notion of adjoint pairs. 

Remark 2.3. Let (L, R) be a (^, MP) -adjoint pair and consider L := £| J{a) and R := R\ K(fB) - 
Then (L, i?) is an adjoint pair with unit and counit of adjunction given by 

7] : J — > RLJ and e : LRK — > M. 

Moreover, one checks easily that M := RKL is a J-monad and C := LJR is a K-co monad. 

Generalized (Co) Monadic Categories 

Throughout this section, 21 is an arbitrary category. 

2.4. Let T : 21 — > 21 be an endo-functor. An object X G Obj(2l) is said to have a T -action 
or to be a T-act iff there is a morphism qx '■ T(X) — > X in 21. For two objects X,X' 
with T-actions, we say that a morphism <p : X — > X' in 21 is a morphism of T-acts iff 
the following diagram is commutative 

QX 



T(X) - -X 



T(X') — ^X' 

The category of T-acts is denoted by Actx- 
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2.5. Let T : 21 — > 21 be an endo-functors. An object X G 0bj(2l) is said to have a 
T-coaction or to be a T-coact iff there is a morphism g x : X — > T(X) in 21. For two 
objects X, X' with T-coactions, we say that a morphism (p : X — > X' in 21 is a morphism 
of T-coacts iff the following diagram is commutative 



X- 
X' 



-T(X) 
■T(X') 



The category of T-coacts is denoted by Coact T . 

Example 2.6. The objects of Coact F , where F : Set — > Set is any endo-functor, play an 
important role in logic and theoretical computer science. They are called F -system^ (e.g. 
[Rut2 000j). For an F-system, the set A is called the carrier (or set of states) of Fa and 
the map Fa '■ A — > A is called the transition structure (or dynamics) of the system. 



Generalized Monads 

2.7. Let J : 21 — > 21 be an endo-functor. With a J-monad on 21 we mean a datum 
(M, fM, u, v\ J) consisting of an endo-functor M : 21 — > 21 associated with natural transfor- 
mations 

H : MM — ► M, lo : I — > J and v : J — > M 
such that the following diagrams are commutative 



MMM ■ 



MM 





Mw 



i.e. for every X G 21 we have 

//X°M(/ix) = VX°VM(X), ^M(X) ^M(X) I^X 



Imm(x) and M(z/ X ) oM(y x ) 0/ u x = I MM(X) . 



Definition 2.8. We say that an endo-functor M : 21 — > 21 is a generalized monad iff there 
exists an endo-functor J : 21 — > 21 such that M is a J-monad. 



2 Some references call these F-coalgebras (e.g. |AP2001j . |Guml999] . [GS2001]). For us, coalgebras are 
always coassociative and counital. 
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2.9. A morphism of generalized monads : (M, [i,uj,u;, 

consists of natural transformations if : M — > M' and £ : J - 
diagrams are commutative 



' „/. v\ on 21 



— > (IVI! , \l , W , Z/ ; 
f such that the following 



MM- 



i.e. for every X G 21 we have 



'(X) 



M(v9 X ) and ip x o z/ x = ^ o £ x . 



The category of generalized monads on 21 is denoted by GMonad^. For each endo-functor 
J : 21 — > 21, we denote by J-Monad^ the subcategory of J-monads on 21 with £ the 
identity natural transformation. In the special case J = la and u is the identity natural 
transformation, we drop the prefix and recover the notion of monadjl on 21. 

2.10. Let (M, fi, u, v; J) be a J-monad on 21. An (M; I) -module is an object X G Obj(2l) 
with a morphism ^ : M(X) — > X such that the following diagrams are commutative 



MM(X) 



■M(X) M(X) 



L>X 



X 



V>x 



M(X) 



QX 



QX 



X 



J(X) 



■J(X) 



The category of (M; J)-modules and morphisms those of M-acts is denoted by 2l(M;j)- In case 
J = la and £ is the identity natural transformation, we have the category of W.-modules%. 

2.11. Let (M, /i, co, v; J) be a generalized monad on 21. For every X G Obj(A), M(Jf) is an 
(M; J)-module through 

Q M (x) : M(M(X)) ^ M(X). 
Such modules are called free (M; J) -modules and we have the so called free functor 

•F(M;j) : 21 — ► 2l (M ;J), X ^ M(X). 

The full subcategory of free (M; J)-modules is called the Kleisli category and is denoted 
by 2t (M;J) . 

3 Monads were studied in classical category theory under various names (e.g. triples, triads, standard 
constructions and fundamental constructions [BW2003 ) . 
4 Some references call these Wi-algebras {e.g. [Be c2003] V 
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Example 2.12. Let (M, /i, u, v\ J) be a generalized monad on 21 with 
(M; J)-module, then J(X) is also an (M; J)-module through 



. If X is an 



Kex) 



g MX) : MJ(X) ~ JJM(X) J(X). 

Moreover, if F = M(X) is a free (M; J)-module, then J(F) = JM(X) ~ MJ(X) is also a 
free (M; J)-module. 



2.13. Let (M, /j,, u>,v; JJ) be a generalized monad. If 
isomorphism for every X G 21 and F G 21(m ; j) : 



, then we have a natural 



Mor 2t(M;J) (J- (M;J) (X), J(F)) ~ Mor a (X, J(F)), / ^ / o (y o w ) x 
with inverse g i — > Qjcy) ° J~{M-,j){g)- 111 particular, we have a natural isomorphism 



Mor 



'21, 



(M;J) 



(%I)(J(X)),J(n) - Mor a (J(X), J(F)); 



ie. (J r ( M;J j)(— ), I) is a (J, J)-adjoint pair. Consequently, J(2l( M; j)) °-> 21 and J(2l( M; j)) 
J (21) are reflective subcategories. 

Generalized Comonads 

2.14. Let J be an endo-functor on 21. With a ^-comonad on 21 we mean a datum (C, A, u, 6) 
consisting of an endo-functor C : 21 — > 21 associated with natural transformations 

A : C — > CC, uj : I — > J and 6 : C — > J 

such that the following diagrams are commutative 



c- 



■ CC 



AC uC 



CC- 



■ CCC 




ec Civ 




CA 

i.e. for every X G 21 we have 

A c(x) o A x = C(A X ) o A x , 6> C (x) ° A x = w C (x) and C(0 X ) ° A x = C(w x ). 

Definition 2.15. We say that an endo-functor C : 21 — > 21 is a generalized comonad iff 
there exists an endo-functor J : 21 — > 21 such that C is a J-comonad. 
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2.16. A morphism of generalized comonads '■ (C, A.,u,8;, 

21 consists of natural transformations ip : C — > C and £ : J — I 
diagrams are commutative 



— > (C,A',u',9'-J') on 
f such that the following 



C 



c 



-cc 

Iplp 

■ CC 



c 



i.e. for every X G 21 we have 

■0c(X) ° COx) o A x = A x o ip x and £x ° Ox = Q'x ° </>x- 

The category of generalized comonads on 21 is denoted by GComonad^. We denote by 
J-Comonada the subcategory of J-comonads for which u is the identity transformation. 
When we drop the prefix, we have the special case J = I a and u is the identity natural 
transformation and recover the notion of comonad^ on 21. 

2.17. Let (C, A,u;,0;J) be a generalized comonad on 21. A (C; S)-comodule is an object 
X G Obj(2t) along with a morphism g x : X — > C(X) in 21 such that the following 
diagrams are commutative 



X 



■C(X) 



X 



C(X) 



C( e x ) 



■CC(X) 



■C(X) 



JJ(X) 



J(X) 



The category of (C; J)-comodules and morphisms those of C-coacts is denoted by 2l^ C;JI - ) . 
In case J = 1% and £ is the identity natural transformation, we have the category of 
C-comodule^. 

2.18. Let (C, A,£; J) be a generalized comonad on 21. For every X G Obj(2l), C(X) has a 
canonical structure of a (C; J)-comodule through 

g c ^ : C(X) ±$ CC(X). 

Such comodules are called cofree (C; $)-comodules and we have the so called cofree functor 

J^ c : 21 — ^ 2l (C;J) , X i— >■ C(X). 

The full subcategory of cofree (C; J)-comodules is called the Kleisli category of C and is 
denoted by 2t (C;J) . 



5 Comonads were called cotriples in some classical works of category theory (e.g. |BW2005] ). 
6 Some references call these C-coalgebras (e.g. [Bec2003j ). 
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Example 2.19. Let (C, A, u, 8; J) be a generalized comonad on 21 with JC ~ CX If X is a 
(C; J)-comodule, then J(X) is also a (C; J)-comodule through 

g I{x) : J(X) J -^5 JC(X) ~ C(J(X)). 

If y = C(X) is a cofree (C, J)-comodule, then $(Y) = JC(X) ~ CJ(X) is also a cofree 
(C, J)-comodule. 

2.20. Let (C, A, u>, 9; J) be a generalized comonad on 21 with J idempotent and JC ~ CJ. 
Then we have a natural isomorphism for X 6 21 and F G 2l^ C;JI - ) : 

Mor 2l(C;J ,(J(y),^ c (J(X))) ~ Mor a (J(y), J(X)), / ^ JW o / 

with inverse g i — ^(g) o £> J ( y ); z.e. (I, J r ( C;J, )(— )) is a (J, J)-adjoint pair. Consequently, 
J(2l( C;J )) J(2l) is a coreflective subcategory. 

Proposition 2.21. Lei 21 and 23 fre categories, L : 21 — )• 03, R : 23 — )• 21 be functors 
and J : 21 — )• 21, K : 25 — > 23 endo-functors such that LJ ~ KL, JR ~ RK and (L, R) zs 
a (J, K) -adjoint pair. 

i. (£, i?) is an adjoint pair where C : J (21) — > K(23) and 7Z : K(23) — > 1(01) with unit 
and counit of adjunction given by 

i] : J — ► RLJ and e : LRK — > K. 

RL is a monad on J (21) 

/xrl : (RL)(RL)J~ R(LRK)L ^ RKL ~ (RL)J and r/ RL := 77. 

5. LR is a comonad on K(23) with 

A LR : (LR)K ~ LJR ^5 L(RLJ)R ~ (LR)(LR)K and e LR := e. 

4- L is a monad on J (21) if and only ifH is a comonad on K(23). In this case, J(21)l — 
K(23) R . 

L 

5. L is a comonad on J (21) if and only if H. is a monad on K(23). In this case, J (21) — 
K(5) R . 

Proof. By assumption LJ ~ KL whence £(J(2l)) := LJ(2l) = KL(2l) C K(23) and 
JR ~ RK whence ft(K(23)) := R(K(23)) = JR(23) C J(2l). The assumptions imply that 
(£, 7Z) is an adjoint pair. The result follows then from the classical result on right adjoint 
pairs (e.g. [EM19651 Proposition 3.1], [BBW20091 2.5, 2.6]). ■ 
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3 Generalized Monoidal Categories 

In this section, we introduce a notion of generalized monoidal categories and general- 
ized (op-) monoidal functors. 

Semimonoidal Categories 

3.1. Recall that a category V is said to be semimonoidal iff there exists a bifunctor 

- • - : V x V — >■ V, (X, Y) ^ X • Y 



along with natural isomorphisms (X • Y) • Z ~' X • (Y • Z) such that the following 

pentagon is commutative for any W, X,Y, Z e V 

(WmX)m (Y»Z) 



lW»X,Y,Z, 



~SfW,X.Y»Z 



((WmX)mY)mZ 



W»{Xm(YmZ)) 



1W,X,Y'Z 



W»~yx,y,z 



{W»{XmY))mZ 



+ W*{{X*Y)*Z) 



1w,x»y,z 

3.2. Let (V, •) and (W, ®) be semimonoidal categories. A functor F : V — > W is 
said to be semimonoidal iff there exist coherence maps given by a natural transformation 
: F(-) <g) F(— ) — )■ F(— • — ) such that the following diagram is commutative 

(F(X) ® F(y)) <g> 7F(X) ' F(y) ' F(Z) * F(X) <g) (F(Y) ® F(Z)) 



F(X*Y)®F(Z) 

4>X»Y,Z 

F{{X*Y)*Z)- 



F(X)®<f> Y ,z 

F(X) ® F(Y • Z) 

4>X,Y»Z 

^ f(x • (y • z)) 



F(lx,Y,z) 

Moreover, we say that F is a strong {strict) semimonoidal functor iff <fix,Y is an iso- 
morphism (identity) for each pair of objects X,Y G V. For two semimonoidal functors 
F,F':V — > W, we say that a natural transformation £ : F — > F' is semimonoidal iff 
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the following diagram is commutative 



F(X) <g> F{Y) * F'(X) <g> F\Y) 



F(X • Y) 



+ F'(X*Y) 



3.3. Let (V, •) and (W, <8>) be semimonoidal categories. A functor F : V — > W is said 
to be op-semimonoidal iff there exist coherence maps given by a natural transformation 
5 : F(— • — ) — > F(-) <S> F(-) such that the following diagram is commutative 



F((X*Y)*Z) 

$XmY,Z 

F(X»Y)®F(Z) 

{F{X)®F(Y))®F{Z) 



lF(X),F(Y),F(Z) 



* F(X • (Y • Z)) 

&X,Y*Z 

F(X) <g) F(Y • Z) 

F(X)®8 Y ,z 

F(X)®(F(Y)®F(Z)) 



Moreover, we say that F is a strong {strict) op- semimonoidal functor iff Sx,y is an iso- 
morphism (identity) for every pair of objects I,F e V. For two semimonoidal functors 
F,F':V — > W, we say that a natural transformation £ : F — > F' is op-semimonoidal iff 
the following diagram is commutative 



F(X • Y) — 

Sx,Y 

F(X)®F(Y) 



^F\X*Y) 

*'x,Y 

F'{X) <g> F'{Y) 



3.4. Let (V, •) be a semimonoidal category. A braiding on V is given by a natural isomor- 
phism X • Y Y • X for every pair of objects X, Y e V making the following triangles 
commutative 



YmXmZ 



X»Z»Y 



Cy,x»Z 



y<x, z 




X»Cz,Y 



Cx,z»Y 




X»Y»Z 



Cx,Y»Z 



-+Y»Z»X 



XmY «Z 



If £ 2 = id, then we say that V is (- symmetric. 
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3.5. Let (V, •) and (W, <8>) be braided (symmetric) semimonoidal categories. A functor F : 
V — > W is said to be a braided (symmetric) semimonoidal functor iff it is semimonoidal 
and the following diagram commutes for every pair of objects X, Y in V : 

F(X) ® CF(X),F(y) > <g) F(X) 



F(x • y) 



F(YmX) 



On the other hand, we say that F is a braided (symmetric) op- semimonoidal functor iff it 
is semimonoidal and the following diagram commutes for every pair of objects X, Y in V : 



F(X • Y) 

$X,Y 

F(X) ® F(y) 



Cf(jc),-F(Y) 



-*F(y «x) 

F(y) ®F(X) 



Semiunits 

3.6. Let (V, •) be a semimonoidal category. We say that I 6 V is a semiunit iff 

1. there is a natural transformation u : I — > (I • — ); 

2. there exists an isomorphisms of functors I • — ~ — • I, i.e. there are isomorphisms 

I«X~X«IinV with inverse px, natural in X, such that t\ = pi and the following 
diagram is commutative for all X, Y G V : 



I • (X • Y) 



lI.X.Y 



(i • x) • y 
(x • i) • y ■ 



7x,i,y 



(x • y) • i 

^X,Y,I 

x • (y • i) 

Xm (i«y) 



^x ^-x 

IfX ~ I • X (~ X • I), then we say that X is /irm. 



1 b J X X 

Notation. If X is firm, then we set Ax := oo x : I«X — > X and px : Xml ~ I«X — > X. 

With V firm we denote the subcategory of firm objects in V. 

Remark 3.7. If I is firm (called also pseudo-idempotent) and co^ 1 • I = I • o;^ 1 , then one 
says that I is idempotent [Koc2008] . 
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Definition 3.8. We call a semiunital semimonoidal category (V, •, I;u>) a generalized 
monoidal category. 



Remark 3.9. Let (V, •) be a semimonoidal category. One says that V is monoidal |Macl998] 
iff V has a ami (or an LR unit), i.e. a distinguished object I G V with natural isomorphisms 

Ay Px 

I • X ~ X and X • I ~ X such that X • Ay = px • Y for all 1,7 6 V (equivalently, 
Ai = pi, XxmY = Ax • y and px.y = X • p Y for all X, Y 6 V). Kock |Koc2008] called an 
object I G V a Saavedra unit - called also a reduced unit - iff it is pseudo-idempotent and 
cancellable in the sense that endo-functors I«— and —•! are full and faithful (equivalently, 
I is idempotent and the endo-functors I • — and — • I are equivalences of categories). 
Moreover, he showed that I is a unit if and only if I is a Saavedra unit. Indeed, every 
unit is a semiunit, whence our notion of semiunital semimonoidal categories generalizes 
the classical notion of monoidal categories. 

3.10. Let (V, «,Iv;wv) and (W, ®, Iw; %) be generalized monoidal categories. A semi- 
monoidal functor F : V — > W is said to be generalized monoidal iff there exists a coherence 
morphism <p : Iw — -F(Iv) m such that the following diagrams are commutative 



F{X) ® I W : F(X) ® F(I V ) 



Iw ® A" i 



F{I V ) <8> F(X) 

0I V ,X 

F(I V • X) — 



F(X • 1^ 



Iw ® F(X) ^ F(X) > F(I V ) <g> F(X) 



F(X)®I W 

F(X)<g>0 



F(X) <8) F(I V ) 
F(X • I v ) - 



F(I V • X) 



Moreover, we say that F is a strong (strict) generalized monoidal functor iff F is strong 
(strict) as a semimonoidal functor and <fi is an isomorphism (identity). For two semi- 
monoidal functors F,F':V — > W, we say that a semimonoidal natural transformation 
£ : F — > F' is generalized monoidal iff the following diagram is commutative 




F(I V ) -F'(Iv) 

"Sly 

3.11. Let (V, «,Iv;wv) an d (W, ®, Iw; ww) be generalized monoidal categories. An op- 
semimonoidal functor F : V — > W is said to be generalized op-monoidal iff there exists 
a coherence morphism 5 : i^(Iv) — >" Iw i n W such that the following diagrams are 
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commutative 



F(X) ® Iw * F(X) ® S F(X) <g> F(I V ) 



l F(X) 

Iw®/' \ ) 

<S®F(X) 



F(I V ) <g> F(X) 



Iw ® i^PO - teF(X) ^(Iv) ® *W 



*F(X) 

F(X) (8 I„ 

F(X)<g><5 



F(I V • X) 



F{Px) 



F(X • Iy) 



F(X) <g) F(Iy) 

F(X • I v ) <- 



F(I V • X) 



Moreover, we say that F is a strong {strict) generalized op-monoidal functor iff F is 
strong (strict) as an op-semimonoidal functor and <fi is an isomorphism (identity). For 
two op-semimonoidal functors F,F':V — > W, we say that an op-semimonoidal natu- 
ral transformation £ : F — > F' is generalized op-monoidal iff the following diagram is 
commutative 

Iw 



F'(Iv) 



F(I V ) 

Remarks 3.12. Let (V, •, I; w) be a generalized monoidal category and consider the functor 

J:=I«- :V— »V. 

1. We have natural isomorphisms 

J(I) • X ~ J(J(X)) ~ X • J(I) and J(X) • F ~ X • J(F) 
for any 1,7 6 V. 

2. J is op-semimonoidal. 

3. Assume that I is firm. 

(a) J is strong generalized monoidal with 

<px,Y ■ (I«X)«(I«y) ~ (I.I).(X.y) ^ ?* y) I«(X«y) and := wi : I — > I.I 

for all X, y G V. 

(b) J is strong generalized op-monoidal with 

5 x ,Y :Im ( x * Y ) - (I«I)«(X«y) ~ (I«X)«(I«y) and 5 := wf 1 : 1«I — ^1 



for all X, y G V. 
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(c) the full subcategory (V firm , »,I) is monoidal. 

(d) (J(V), •, I) is a monoidal full subcategory of (y firm , •. I) with 

Xux ■ I • (I • X) ~* (I • I) • A ~ I • A; 

pux ■■ (I • A). I ^ I. (A. I) U ~ X Im(I*X) X ~ X I»X 

for every X G V. 

Definition 3.13. Let (V, be a generalized monoidal category. We say that V £ V 

has a left dual iff there exists V® G V along with morphisms v : I — > 1 • V • V® and 
G7 : 1 • V® • V — >IinV such that 

(V • w) o (£ y • Y® • Y) o (v • Y) = £ y and (w • V®) o (p v ® mVm V®) o (V® • v) = p v ®. 

A right dual V® of is defined symmetrically. We say that V is left (right) autonomous, 
or left (right) rigid iff every object in V has a left (right) dual. 

Definition 3.14. Let (V, •, I; u) be a generalized monoidal category. We say that V is right 
(left) closed iff for every V G V, the functor - • V : J(V) — >• J(V) (V • - : J(V) — >■ J(V)) 
has a right-adjoint, i.e. there exists a functor G : J(V) — > J(V) and a natural isomorphism 
for every pair of objects A, Y G V : 

V(A • I • V, Y • I) ~ V(A • I, G(y • I)) (resp. V(V • I • A, Y • I) ~ V(A • I, G(Y • I))). 
Moreover, V is said to be closed iff V is left and right closed. 

Lemma 3.15. Let (V, •,l;ou) be a generalized monoidal category. If V G V /ias a ie/t 
(right) dualV®, then (— •V, — •V r ®) ((V« — , "K® •-)) is a (J, J) -adjoint pair. In particular, 
ifV is left (right) autonomous, then V is h^/ii (Ze/^t) closed. 

Proof. Assume that V G V has a left dual V®. For any A, Y G V we have a natural 
isomorphism 

V(A • I • V, Y • I) ~ V(A • I, Y • I • V®), / I—)- (/ • Y®) o (A • v) (3) 
with inverse g i — >■ (Y • o (gi • V)M 

4 Generalized (Co) Monoids 

In this section, we introduce notions of generalized monoids and generalized comonoids 
in arbitrary generalized monoidal categories. 

Throughout, (V, •,l',ou) is a generalized monoidal category and J := I • — ~ — • I : 

V — > V (with natural isomorphisms I • A ~ A • I and inverse A • I px —^f I.X for every 
A G V). 
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Generalized Monoids 



4.1. A generalized V-monoid (generalized V-algebra) consists of a datum (A, /j,,r]) where 
A E V and /i : A m A — >■ A, 77 : I — >■ A are morphisms in V such that the following 
diagrams are commutative 



A* A* A 



\i»A 



+ AmA 



A* A 



A* A 



A* A 



r\»A 



I. A: 



U) A 



1mA 



PA 



A»rj 



Ami 



A morphism of generalized V -monoids (generalized V-algebras) f : (A,/i,rj) — > (A' ,[/,', rf) 
is a morphism in V such that the following diagrams are commutative 



Am A- 



■A 



A' m A' ■ 



A' 




The category of generalized V-monoids is denoted by GMon(V). If ( is a braiding on V, 
then we say that a generalized V-monoid (A, fi, rj) is (- commutative iff ^a°(a,a — Ha- With 
(-cGMon(V) we denote the full subcategory of GMon(V) consisting of ^-commutative 
generalized V-monoids. 

Example 4.2. If I is firm, then I is a generalized V-monoid with 

fii : I • I — > I and rji : I — > I. 

4.3. Let (A, 7]) be a generalized V-monoid. A right generalized A-module is a datum 
(M, £m) where Me V and £> M : M m A — > M is a morphism in V such that the following 
diagrams are commutative 



Mm Am A BM " A ^ M m A M m A 



QM 



M 



QM Mmr) 



Mm A- 



QM 



M 



M ml- 



Pm 



ImM 
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A morphism of right generalized A-modules is a morphism / : M 
the following diagram is commutative 



M' in V such that 



Mm A- 



QM 



M 



M' • A — > M' 

Qm' 

The category of right generalized A- modules is denoted by GM4. Analogously, one can 
define the category ^GM of left generalized A-modules. 

4.4. Let A be a V-monoid and M a right generalized A-module. Then we have a functor 

- • M : V — > GM A , 

where for any X E V, we have a structure of a right generalized A-module on X • M given 
by 

qx.m : (X • M) • A X • (M • A) — > X • M. 

Similarly, if M is a left generalized A-module, then we have a functor Mm — : V — > ^GM. 

4.5. Consider generalized V-monoids A, B. Let M be a left generalized 5-module as well 
as a right generalized ^-module and consider the right generalized A-module B • M and 
the left generalized 5-module M • A. We say that M is a generalized (B, A)-bimodule iff 
Q(M\B) '■ B • M — > M is a morphism of right generalized A-modules (equivalently, Q(m-,a) '■ 
M • A — > M is a morphism of left generalized _B-modules). The category of generalized 
(A, _B)-bimodules with morphisms being simultaneously morphisms of left generalized B- 
modules and morphisms of right generalized A-modules is denoted by #GM^. Indeed, 
every generalized V-monoid A is a generalized (A, A)-bimodule in a canonical way. 

Proposition 4.6. Let F : (V, «,Iv) — > (VV, <8>, Iw) be a generalized monoidal functor. 
Then we have a functor 

F : GMon(V) — > GMon(W), A 1 — > F(A). 

Proof. Let (A, /ia, Va) be a monoid (algebra) in V and consider B := F(A). Define 

(i B : F(A)<S>F(A)^4f(A»A) F -H ) F(A); 
Vb : IwAf(I v )^F(4 

One checks easily that (B, Hb,Vb) is a monoid (algebra) in W. If / : A — > A' is a 
morphism of V-monoids (V-algebras), then following the involved diagrams shows that 
F(f) : F(A) — > F(A') is a morphism of W-monoids (W-algebras).B 
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Proposition 4.7. Let (A, fi, rj) be a generalized V -monoid. 

1. We have J -monads 

-•A:V — >VandA»-:V — >V 

and isomorphisms of categories 

GM A ~ V(_.ao) and A GM ~ V ( _.^j). 

2. If B is a generalized V -monoid, then we have J-monads 

-•A: B GM — ► B GM and 5 • - : GM, — ► GM A 
and isomorphisms of categories 

(bGM) ( _. A;J) ~ B GM A ~ (GM A ) (fl ._ ;J) . 

Proof. Consider the following functors 

// : ((— • A) • A) — > — • A, fix '■ (X • A) • A 1X ~' A X • (Am A) X • A, 
v : J — ► (-»A), v x :ImX ~X*I^X»A. 

One can easily check that (— • A, fi, uj, v) is a J-monad. The isomorphism GM^ ~ V(_.a ; ji) 
follows immediately from comparing the corresponding diagrams. The other assertions can 
also be checked easily. ■ 

Theorem 4.8. Let I and A G V be firm. There is a bijective correspondence between the 
generalized monoid (algebra) structures on A, the J-monad structures on — • A and the 
J-monad structures on A* —. 

Proof. Assume that (— • A, /i, u, v) is a J-monad and consider 

^ : A.A^l.A.A^l.A- A- 

V . IJ^I.I J*>I.A X r* A. 

Clearly, (A, /i, rj) is a generalized monoid. The converse follow by Proposition 14.71 The bi- 
jective correspondence follows immediately from the definitions of the morphisms involved. 
The statement corresponding to the endo-functor A*— can be proved analogously. Proving 
the bijective correspondence is not difficult to obtain. ■ 
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Generalized Comonoids 



4.9. A generalized V-comonoid (generalized V-coalgebra) is a datum (C, A, e) where C G 
V, A : C — > C • C, e : C — > I are morphisms in V such that the following diagrams are 
commutative 



C 



c*c 



c*c 



c 



+ c»c 



A.C 



LUC 



c»c- 



OA 



+C»C»C 



ImC-. 



PC 



C •! 



A morphism of generalized V -comonoids (generalized V-coalgebras) f : (C, A,e) 
(C, A', e') is a morphism in V such that the following diagrams are commutative 



C- 



C*C 



C 



a 



c •c a 



The category of generalized V-comonoids is denoted by GComon(V). If ( is a braiding on 
V, then we say that a generalized V-comonoid (C, A, e) is (-cocommutative iff Cc,c°A = A^. 
With (-cGComon(V) we denote the full subcategory of GComon(V) whose objects are 
the (- co commutative V-comonoids. 

Example 4.10. I is generalized V-comonoid with 

Ai : I I • I and ei : I A I. 

4.11. Let (C,A,e) be a generalized V-comonoid. A right generalized C-comodule is a 
datum (M, g M ) where M G V and £> M : M — >■ M • C are morphisms in V such that the 
following diagrams are commutative 



M ■ 



M 



M»C 



M»A C 



q m »C u M 



+ M»C»C ImM- 



Pm 



M»e c 

M.I 
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A morphism of right generalized C-comodules is a morphism / : M — > M' in V such that 
the following diagram is commutative 

M 

M ^MmC 



f'C 

M' — M'mC 

Q M> 

The category of right generalized C-comodules is denoted by GM C . The category of left 
generalized C-comodules is denoted by C GM. 

4.12. Let C be a V-comonoid and M a right generalized C-comodule. Then we have a 
functor 

- • M : V — > GM C , 

where for any X e V, we have a structure of a right generalized C-comodule on X • M 
given by 

g x ' M : X • M X -^> X • (M • C) 7 ^4° (X • M) • C. 

Similarly, if M is a left generalized C-comodule, then we have a functor M • — : V — s> 
C GM. " 

4.13. Consider generalized V-comonoids C,D. Let M be a left generalized D-comodule 
as well as a right generalized C-comodule and consider the right generalized C-comodule 
D»M and the left generalized D-comodule M • C. We say that M is a generalized (D, C)- 
bicomodule iff q( m > d ) : M — >■ £) • M is a morphism of right generalized C-comodules 
(equivalently, g^ M ' c ^ : M — > M • C is a morphism of left generalized -D-comodules). The 
category of generalized (D, C)-bicomodules with morphisms being simultaneously mor- 
phisms of left generalized D-comodules and morphisms of right generalized C-comodules 
is denote by D G~M C . Indeed, every generalized V-comonoid C is a generalized (C, C)- 
bicomodule in a canonical way. 

Proposition 4.14. Let F : (V, •, Iy) — > (W, <S>, Iyv) ^ e fl generalized op-monoidal functor. 
Then we have a functor 

F : GCMon(V) — >• GCMon(W), C i— >■ F(C). 

Proof. Let (C,A c ,e c ) be a generalized V-comonoid (V-coalgebra) and consider D := 
F{C). Define 

Ad : F(C) F -^F(C*C) tZ$ F(C) ® F(C); 
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One checks easily that (D,Ad,£d) is a generalized W-comonoid (W-coalgebra). If / : 
C — > C is a morphism of V-comonoids (coalgebras) in V, then following the involved dia- 
grams shows that F(f) : F(C) — > F(C) is a morphism of W-comonoids (W-coalgebras).B 

Proposition 4.15. Let (C,A,e) be a generalized V-comonoid. 

1. We have J-comonads 

- • C : V — >V andC • - :V — >V 
and isomorphisms of categories 

GM C ~ y(— c # and C GM ~ V ( ~ ,C;J) . 

2. If D is a generalized V-comonoid, then we have J-comonads 

- • C : D GM — ► D GM and D • - : GM C — > GM C 
and isomorphisms of categories 

(°GM) ( - Cil) ~ D GM C ~ (GM C )( D -*. 

Proof. Consider the following functors 

A : - • C — >• ((- • C) • C), A x : X • C ^ X • (C • C) ^ ° (X • C) • C, 
e : (- • C) — -+ J, e c : X • C X • I ~ I • X. 

One can easily check that (— • C, A,u,e) is a J-comonad. The isomorphism GM C ~ 
y(-»C;j) follows immediately from comparing the corresponding diagrams. The other as- 
sertions can also be easily verified. ■ 

Theorem 4.16. Let I and C G V be firm. There is a bijective correspondence between the 
generalized comonoid (coalgebra) structures on C, the J-comonad structures on — mC and 
the J-comonad structures on C • —. 

Proof. Assume that (— • C, A, e; uf) is a J-comonad and consider 

A : C ^l*C CmC] 

Clearly, (C, A, e) is a generalized comonoid. The converse follows by Proposition 14.151 
The bijective correspondence follows immediately from the definitions of the morphisms 
involved. The statement corresponding to the endo-functor C • — can be proved analo- 
gously. Proving the bijective correspondence is not difficult to obtain. ■ 
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Proposition 4.17. Let (C,A,e) be a generalized comonoid and (A,/i,rj) a generalized 
monoid. Then (V(C, A), *, e) is a generalized monoid in Set with multiplication and semi- 
unit given by 

f * g :— /i o (/ • g) o A and c := i] o e. 

Proposition 4.18. Let (p : (C, Aq,£c) — > (D, Ad,Ed) be a morphism of generalized 
comonoids and ip : (A, /ia, Va) — > (B,(J,b,Vb) be a morphism of generalized monoids. 
Then 

V(D, A) ^4* V(C, A), f^foipand V(C, A) ^ V(C, B), g^^og 
are morphisms of generalized monoids in Set. In particular, we have functors 
V(- A) : GCMony — )• GMon and V(C, -) : GMon v — )• GMon. 

5 A concrete example 

In this section we give applications to the category of bisemimodules over a base 
semialgebra. 

Semirings and semimodules 

For the convenience of the reader and to make the manuscript self-contained, we 
begin this section by recalling some basic definitions and results on semirings and their 
semimodules. 

Definition 5.1. A semiring is an algebraic structure (S, +, •, 0, 1) consisting of a non- 
empty set S with two binary operations "+" (addition) and "•" (multiplication) satisfying 
the following axioms: 

1. (S, +, 0) is a commutative monoid with neutral element 0^; 

2. (S, 1) is a monoid with neutral element 1; 

3. x • (y + z) = x • y + x ■ z and (y + z) • x = y ■ x + z ■ x for all x, y, z e S; 

4. • s = = s ■ for every s e S (i.e. is absorbing). 

5.2. Let S, S' be semirings. A map / : S — > S' is said to be a morphism of semirings iff 
for all si, s 2 G S : 

f(si + s 2 ) = f( Sl ) + f(s 2 ), f(s lS2 ) = f( Sl )f(s 2 ), f(0 s ) = S > and /(1 5 ) = l s >. 
The category of semirings is denoted by SRng. 
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5.3. Let (S, +, •) be a semiring. We say that S is 

cancellative iff the additive semigroup (S, +) is cancellative; 
commutative iff the multiplicative semigroup (S, •) is commutative; 
semifield iff (S\{0}, ■, 1) is a commutative group. 

Examples 5.4. Rings are indeed semirings. The first natural example of a (commutative) 
semiring which is not a ring is (No, +,'), the set of non-negative integers. The semirings 
(Mo", +, •) and (Qq", +, •) are indeed semifields. For any associative ring R we have a semiring 
structure (Ideal(-R), +, •) on the set Ideal(i?) of (two-sided) ideals of R. For more examples, 
the reader may refer to [Go ll999aj . In the sequel, we always assume that Os 7^ I5. 

Definition 5.5. Let S be a semiring. A right S-semimodule is an algebraic structure 
(M, +, Om) consisting of a non-empty set M, a binary operation "+" along with a right 
S-action 

M x S — > M, (m, s) \-> ms, 

such that: 

1. (M, +, Om) is a commutative monoid with neutral element Om; 

2. (ms)s' = m(ss'), (m + m!)s = ms + m's and m(s + s') = ms + ms' for all s,s' G S 
and m, ml G M; 

3. mis = m and mOs = Om = 0m$ for all m G M and sg5. 

5.6. Let M, M' be right S'-semimodules. A map / : M — > M' is said to be a morphism 
of S-semimodules (or S -linear) iff for all 777.1,777.2 G M and s G S : 

/(mi + 7712) = /(mi) + f(m2) and f(ms) = f(m)s. 

The set Hom,s(M, M') of S'-linear maps from M to M' is clearly a commutative monoid 
under addition. The category of right S'-semimodules is denoted by S5. Analogously, one 
can define the category s§ of left S'-semimodules. A right (left) S-semimodule is said to 
be cancellative iff the semigroup (M, +) is cancellative. With C§s C § s (resp. ^C§ C 
5§) we denote the full subcategory of cancellative right (left) S-semimodules. For two 
semirings S, T, an (S, T)-bisemimodule M has a structure of a left S-semimodule and a 
right T-semimodule such that (sm)t = s(mt) for all m G M, s G S and t G T. The category 
of (S, T)-bisemimodules and S-linear T-linear maps is denoted by s^t] the subcategory of 
cancellative (S, T)-bisemimodules is denoted by sC§t- 

5.7. Let M be a right S-semimodule. An S-congruence on M is an equivalence relation 
such that 

mi = 77i2 rn\s + m = 7712s + m for all mi, 777.2, m G M and s G S. 
In particular, we have an S-congruence relation =r ] on M defined by 

777 =[0] m' <^=4> m + m" = m' + 777" for some m" G M. 
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The quotient S-semimodule Mj =p] is indeed cancellative and we have a canonical surjec- 
tion c M ■ M — > c(M), where c(M) := Mj = [0 ], with 

Ker(cA/) = {m e M | m + m" = m" for some m" e M}. 

The class of cancellative right S-semimodules is a reflective subcategory of §s i n the sense 
that the functor c : §5 — > CS>s is left adjoint to the embedding functor CS5 §5, 
i.e. for any S'-semimodule M and any cancellative S-semimodule N we have a natural 
isomorphism of commutative monoids Homs(c(M), N) ~ Hom^M, iV) [Takl981j. 

Takahashi's Tensor Product 

5.8. Let Ms be a right S'-semimodule, siV a left S-semimodule and consider the free S'- 
semimodule F with base M x N. Let N(M) C F x F the symmetric S-subsemimodule 
generated by the set of elements of the form 

(^(mi+m2,n.)i ^(mi,n) "I - ^(m2,rc))) (^(mi,n) "I - 3(m2,n)i &{m\+m,2,n))i 
(^(m,ni+ri2) > ^(m,ni) ^(m,«.2))j (^(V7i>Hi) "I - ^(m,ri2)) ^(m,n\ —112)) • 



(^(ms,n)i ^(rr^sn))? (^(m,sn); ^(ms,n))) 



where 



m = n 



S m , n (m,n) 

0, m ^ n. 

Let = be the S-congruence relation on F defined by 

/ = /'<*=► f + g = f' + g' for some 3,3' G iV(M). 

Takahashi's tensor product of M and N is defined as M KI5 N := F j = . Notice that there 
is an S -balanced map 

r : M x N — > M M s N, (m, n) ^ m M s n := (m, n)/ = 

with the following universal property [Takl982a] : for every commutative monoid G and 
every S-bilinear S-balanced map (3 : M x N — > G there exists a unique morphism of 
monoids 7 : M KI5 N — > c(G) such that we have a commutative diagram 

M x N *~ G (4) 

MM S N 7 ■ciG) 

The following result collects some properties of — Ms — (compare with |Goll999a] 
Proposition 16.15, 16.16]): 

Proposition 5.9. Let M be a right S-semimodule and N a left S-semimodule. 
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1. M Ms N is a cancellative commutative monoid. 

2. We have a natural isomorphism of functors 

- M s S ~ c(-) : § 5 — > § s and S M s - ~ c(-) : 5 § — > s§- 

3. M s {sN) is cancellative if and only if c(M) ~ M (c(N) ~ N). 
4- We have idempotent functors 

J : S M s - : 5 § — > 5 § and K := - K T T : § T — > § T . (5) 
In particular, c(c(M)) ~ c(M) and c(c(AT)) ~ c(Af). 
5. We have natural isomorphisms of commutative monoids 

c(M) M s N ~ c(M) K 5 c(JV) ~IK S c(iV) ~ M K 5 TV ~ c(M K 5 AT). (6) 

Proposition 5.10. LetS,T be semirings, M a right S-semimodule, N an (S,T)-bisemimodule 
and consider the endo-functors J and K in (jSJ). T/ien (— KI5 A/", Hom_r(A^, — )) is a (J, K)- 
adjoint pair. 

Proof. For every right T-semimodule G we have natural isomorphisms 

Hom_ T (J(M) M s N),K(G)) ~ Hom_ r (c(M) M s N), c(G)) 

~ Hom_ T (M IEI5 AT, c(G)) 
~ Hom_ 5 (M, Hom_ T (AT, c(G))) 

~ Hom_ s (c(M),Hom_ T (JV,c(G))) 
~ Hom_ 5 (J(M),Hom_ T (A^,K(G'))).B 

Theorem 5.11. Lei A be a V-monoid and consider the idempotent endo-functor 

c(-) : a§4 — > M .— ► M/ = [0] . 

1. (^SU, £3, A) is a closed generalized monoidal variety. 

2. {a^>Ai Kl, c(A)) is a closed monoidal variety. 

Generalized Semirings and Generalized Semimodules 

In what follows, S denotes a commutative semiring, A is an S-semialgebra (i.e. a semiring 
with a morphism of semirings la '■ S — > A), aSa is the variety of (A, A)-bisemimodules 
and aCSU is the full subcategory of cancellative (A, A)-bisemimodules. 
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5.12. By a generalized A-semiring we mean an (A, A)-bisemimodule A associated with 
(A, A)-bilinear maps /j, a : A M A A — > A and rj A : A — > A such that the following 
diagrams are commutative 



AM A AM A A 

A® AH A 

am a a- 



HA®aA 



VA 



■AM A A 

HA 

^A 



AM A A 

Va^aA 

am a a 



P-A 



CA 

■c(A) 



PA 



AM a A 

A®AVA 

■AM A A 



Let A and A' be generalized A-semirings. An (A, A)-bilinear map / : A — > A' is called a 

morphism of generalized A-semirings iff 

/ o ha = fJ-A' ° (/ f) and forj A = r] A ,. 

The set of morphisms of generalized A-semirings form A to A' is denoted by GSRng A (A., A 1 ). 
The category of generalized A-semirings will be denoted by GSRng A . Indeed, we have an 
isomorphism of categories GSRng A ~ GMonoid(^S^). 

5.13. Let A be a generalized A-semiring. A right generalized A-semimodule is a right 
A-semimodule with a right A-linear map qm '■ M Ma A — > M such that the following 
diagrams are commutative 



MM A AM A A 



m^aha 



M Ma A ■ 



Qm®aA 



M Ma A 



MM a A M ® AVA : MM A A 



Qm 



Qm 



M 



c(M) 



QM 



cm 



M 



A morphism of right generalized A-semimodules is an A-linear map / : M 
that the following diagram is commutative 



M' such 



M Ma A ■ 



m A A 



M' M A A- 



QM 



M 



Qm' 



M' 



The category of right generalized A-semimodules is denoted by GS A . Analogously, one can 
define the category A GE> of left generalized A-semimodules. 
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Generalized Semicorings and Generalized Semicomodules 

5.14. A generalized A-semicoring is an (A, A)-bisemimodule associated with (A, A)-bilinear 
maps A c : C — > CM A C and e c : C — > A such that the following diagrams are commutative 



A c m A c 



CM A C 

cm A A c 

■^CMaC^aC 



A KU C 



-c(C) 



(7) 



The map Ac (ec) is called the comultiplication (counity) of C. Using Sweedler-Heyneman's 
notation, we have for every c G C : 

^ en KU C12 ^c 2 = ^ ci KU c 2 i K A c 22 ; 

c(^Ci£c(c 2 )) = C M (c) = c(^£ C (ci)c 2 ). 

Let (C, A, e), (C, A', e') be two generalized A-semicorings. We call an (A, A)-bilinear map 
/ : C — > C a morphism of generalized A- semicorings iff 

(/ K A /) o A c = A C / o / and e c > ° f = e c . 

The set of generalized A-semicoring morphisms from C to C is denoted by GSCog A (C, C). 
The category of generalized A-semicorings is denoted by GSCrng A . Indeed, we have an 
isomorphism of categories GSCrng A ~ GCMonoid^SU)- 

5.15. Let (C, A, e) be a generalized A-semicoring. A right generalized C-semicomodule is 
a right A-semimodule M associated with an A-linear map 

q m : M — y MM A C, m <0> M A m <1>} 

such that the following diagrams are commutative 



M ■ 



QM 



QM 

MM A C 



M^ A C 

MKUA C 

Mm A cm A c 



M ■ 



QM 



cm 



c(M) 



U M 



■M^ A C 

M® A S C 

Mm A A 



Qm^aC 

Using Sweedler-Heyneman's notation, we have for every m G M : 

^<o> ^A m<i>i KU ^<i>2 = ^ "2<oxo> ^A m <0 ><i> K A m<i>; 
tC^2 m <o>£c(m<i>)) = c M (m). 
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For right generalized C-comodules M, M', we call an A-linear map / : M — > M' a mor- 
phism of right C-semicomodules (or C-colinear) iff the following diagram is commutative 



M ■ 



N 



QM 

M Ma C 



f® A C 



QN 

N Ma C 



We denote by Horn (M, M') the set of C-colinear maps from M to M' . The category of 
counital right generalized C-semicomodules and C-colinear maps is denoted by GSComd c . 
Analogously we define the category c GSComd of left generalized C-semicomodules. 

Acknowledgement: The author thanks Prof. Robert Wisbauer for the fruitful discus- 
sions on monads and comonads during his visit to the University of Diisseldorf in Summer 
2009. He also thanks Deutsche Akademische Austausch Dienst (DAAD) for supporting 
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